It has been shown that gravitational fields produced by realistic classical-matter distributions can force quantum vacuum fluctuations of some nonminimally coupled free scalar fields to undergo a phase of exponential growth. The consequences of this unstable phase to the background spacetime have not been addressed so far due to known difficulties concerning backreaction in semiclassical gravity. It seems reasonable to believe, however, that the quantum fluctuations will "classicalize" when they become large enough, after which backreaction can be treated in the general-relativistic context. Here we investigate the emergence of a classical regime out of the quantum field evolution during the unstable phase. By studying the appearance of classical correlations and loss of quantum coherence, we show that by the time backreaction becomes important the system already behaves classically. Consequently, the gravity-induced instability leads naturally to initial conditions for the eventual classical description of the backreaction. Our results give support to previous analyses which treat classically the instability of scalar fields in the spacetime of relativistic stars, regardless whether the instability is triggered by classical or quantum perturbations.
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I. INTRODUCTION
The vacuum state of quantum fields harbors many interesting physical phenomena. In particular, the vacuum gravitates, meaning, according to general relativity, that it affects and is affected by the spacetime geometry. Although this fact leads to important consequences for cosmology and black hole physics, it normally produces only feeble effects at astrophysical scales. In contrast to this, it was argued in Ref. [1] that wellbehaved spacetimes curved by classical matter may induce vacuum fluctuations of some nonminimally coupled free scalar fields to go through a phase of exponential growth. This growth enhances the expectation value of the field energy-momentum tensor, eventually leading the vacuum to take over the system evolution. A concrete realization of this claim was given in Ref. [2] , where the amplification of the vacuum fluctuations was studied in the spacetime of a relativistic star. The appearance of this instability in other astrophysically-inspired scenarios was explored in Refs. [3, 4] . As the system is driven to a new equilibrium state, a burst of free scalar particles is expected, regardless the details of the final configuration [5] . Nevertheless, the final configuration is important for astrophysical purposes. In order to determine it, one must take into account the backreaction of the quantum field on the spacetime. This is a highly nontrivial task due to the well-known difficulties concerning the backreaction in semiclassical gravity.
Notwithstanding, it seems reasonable to believe that quantum fluctuations amplified enough to menace the stability of relativistic stars cannot remain "quantum" for too long. Thus, if the quantum phase ends before vacuum fluctuations dominate the system, we expect backreaction to be well described by the classical generalrelativistic equations. With this scenario in mind, we investigate the quantum-to-classical transition of the quantum fluctuations in the vacuum state, showing that the system does classicalize prior semiclassical backreaction becomes paramount.
The transition of a quantum system to a regime in which its behavior is well approximated by classical physics is a matter that has received attention in different areas -see, e.g., Ref. [6] . For this quantum-to-classical transition to happen two ingredients, normally related, are necessary: the appearance of certain classical correlations and loss of quantum coherence. By classical correlations we mean that the corresponding Wigner function is peaked at the classical trajectories, while the loss of quantum coherence is necessary to forbid their superposition. The loss of quantum coherence, in particular, results from the entanglement of the system with other "unobservable" degrees of freedom which are eventually traced out. Thus, in order to study the emergence of a given classical behavior from a quantum system it is unavoidable to take into account its interaction with some set of additional degrees of freedom, generally referred to as "environment" [7] . Both the appearance of classical correlations and the process of decoherence in this open system depend, in principle, on the system internal dynamics and its interaction with the environment. The form of the interaction is particularly important: it defines according to what observable the system will be regarded as classical [8] .
Here, we are interested in the behavior of the unstable modes of the scalar field, since they dominate the vacuum fluctuations. We will show that for these modes the internal dynamics will be enough to produce classical correlations. The decoherence process needed to ensure the quantum-to-classical transition, as defined above, will depend on the interaction of the scalar field with gravity. The most natural environment to consider is the one formed by the quantum fluctuations of the background metric -gravitons. These will not be the only degrees of freedom of our environment, though. The coupling of the scalar field with gravity induces an interaction between the unstable and stable modes of the scalar field, making the latter ones also part of the environment. From this analysis we can estimate the time scale for the unstable modes to become classical with respect to their amplitude and canonically conjugate momentum. This time scale is of fundamental importance to determine whether backreaction may be treated in the classical rather than semiclassical realm.
The paper is organized as follows. In Sec. II we briefly revisit the quantization of an unstable free scalar field nonminimally coupled to gravity in the spacetime of a relativistic star. In Sec. III we focus on the sector of the Fock space related to the unstable modes and describe the evolution of the corresponding vacuum state through its Wigner function representation. It is shown that the field amplitude and its canonically conjugate momentum become classically correlated in a time scale comparable to the one set by when backreaction becomes important. Next, in Sec. IV we discuss the loss of coherence of the vacuum fluctuations. By integrating out the degrees of freedom of the gravitons and of the stable modes of the scalar field, we obtain a master equation for the density matrix describing the state of the unstable modes. The analysis of this master equation shows that by the time backreaction becomes important the initially pure vacuum state has already evolved into a mixture of localized states in field amplitude and momentum. We close the discussion and make our final remarks in Sec. V. Throughout the text we shall assume that = c = 1, and the signature (− + ++) for the spacetime metric.
II. GRAVITY-INDUCED INSTABILITY
We start by considering a real scalar field φ evolving over a globally hyperbolic spacetime background (M, g ab ) curved by some classical-matter distribution. The field obeys the Klein-Gordon equation,
where m ≥ 0 is the field mass, ξ ∈ R is the nonminimal coupling parameter, and R stands for the scalar curvature. The associated energy-momentum tensor is given by
where R ab stands for the Ricci tensor. We quantize the field φ according to the canonical procedure. Then, the field operatorφ can be expanded in terms of a complete set of positive-and negative-norm solutions {u
with u (+)
orthonormalized according to the Klein-Gordon inner product. Here, I stands for some set of good quantum numbers, while ϑ denotes some measure over this set. As usual, the canonical commutation relations combined with the completeness of the modes imply that the creation and annihilation operatorsâ α † andâ α , respectively, satisfy
while other commutators vanish. The δ ϑ denotes the delta distribution according to the measure ϑ, i.e., dϑ(α)f(α)δ ϑ (α, β) = f(β). Finally, the vacuum state associated with the selected set of modes is defined by demandingâ α |0 = 0 for all α ∈ I.
Assuming that the background spacetime is curved by the presence of a static, spherically symmetric compact object, its metric can be written as
where f = f (χ) > 0 and r = r(χ) ≥ 0 are functions of the radial coordinate χ such that lim χ→+∞ f (χ) = 1, lim χ→+∞ r(χ)/χ = 1, and dr/dχ > 0. The last requirement prevents the existence of trapped surfaces. By using the symmetries of the underlying spacetime, it is possible to find a set of time-oscillating positive-norm solutions of Eq. (1) with the form
where x denotes the spatial coordinates, while Y lµ stands for the spherical harmonics, with l = 0, 1, 2, . . . and µ = −l, −l + 1, . . . , l, and ̟ > 0. The radial part of v
vanishing at the origin and being well behaved at spatial infinity. For a star composed of perfect fluid, one can use Einstein equations to cast the effective potential V
eff in Eq. (7) as
where ρ = ρ(χ) denotes the energy density of the stellar fluid andρ
is the average density of the star up to the radial coordinate r(χ), which encompasses a mass M (χ). Depending on (i) the values of the nonminimal coupling parameter ξ, (ii) the mass-radius ratio of the star, and (iii) its equation of state, the time-oscillating modes (6) may not be the only ones complying with the boundary conditions mentioned above. Indeed, the effective potential (8) allows the existence of "bound states" [2] . These solutions give rise to exponentially-growing modes,
for which the radial part obeys
with Ω > 0 and the form of the temporal part was chosen to ensure the positivity of the w (+)
Ωlµ norm [9] . For the sake of simplicity, we shall assume hereafter the existence of a single unstable mode. Since the centrifugal term in Eq. (8) contributes positively to the effective potential, this mode will have angular momentum quantum numbers l = µ = 0 and will be denoted simply by w (+) Ω and its radial part by ψ Ω /r. The spatial part of the stable and unstable modes will be denoted by F ̟lµ and F Ω , respectively, i.e., F ̟lµ (x) ≡ ψ ̟l Y lµ /r and F Ω (x) ≡ ψ Ω Y 00 /r. We shall denote byâ ̟lµ † and a ̟lµ the creation and annihilation operators defined by the modes v 
Ω . Let us consider the situation in which the system begins in a stationary stable phase in the past and evolves into an unstable one in a time scale much smaller than any other present in the problem. Assuming that the quantum field is in the vacuum state with respect to the stationary past observers, it is possible to show that the initially quiescent quantum vacuum fluctuations will grow as φ2 ∝ e 2Ωt during the unstable phase. The exponential enhancement of the quantum fluctuations impacts on the (renormalized) expectation value of the energy-momentum tensor operator, T ab , eventually leading the quantum field to backreact on the spacetime [1] . In order to estimate how long it takes for the quantum fluctuations to threaten the star stability, we first note that the existence of the unstable (bound) solutions typically requires potentials satisfying sup |V
, where R denotes the radial coordinate r of the star surface -see discussion in Sec. III of Ref. [5] . By calculating, e.g., the ratio between the vacuum and stellar energy densities,
with ℓ P denoting the Planck length, one concludes that the backreaction time scale dictated by the semiclassical Einstein equations is t br ∼ R ln(R/ℓ P ), which is of the order of a few milliseconds for a neutron star [2] -for a more comprehensive account on this vacuum awakening effect, see Ref. [5] , and Refs. [10, 11] for a rigorous discussion on the quantization of unstable linear fields in globally hyperbolic spacetimes.
III. FREE FIELD EVOLUTION AND THE APPEARANCE OF CLASSICAL CORRELATIONS
In a static spacetime, like the one engendered by the relativistic star considered above, the Hamiltonian operator can be formally defined from the energy-momentum tensor asĤ
Here, κ a = (∂ t ) a is the Killing vector field generating the time isometry, n a is a future-pointing unit vector field orthogonal to the Cauchy surface Σ and dΣ ≡ √ hd 3 x is the volume element with respect to the spatial metric tensor h ab , with h ≡ det h ab . Using the expansion (3) in terms of the modes v , we obtain from Eq. (13) thatĤ
In Eq. (14) the Hamiltonian operator associated to the unstable mode w
is given bŷ
which corresponds to the Hamiltonian of an upside-down harmonic oscillator, whileĤ s is the Hamiltonian operator related to the stable modes v (+)
̟lµ and consists of a collection of harmonic oscillators. Hence, we shall revisit the quantum upside-down harmonic oscillator in the light of our problem.
By defining the operatorŝ
andp
Eq. (15) can be cast aŝ
The operators (16) and (17) are related to the field operatorφ and its time derivative according tô
and
In order to obtain these expressions, we have used that ψ Ω can be chosen to be a real function satisfying
for all ̟ > 0, and the orthogonality between the spherical harmonics. It will be with respect to the observableŝ p Ω andq Ω that we shall investigate the classicalization of the unstable mode. Next, we note that in this fixed-background regime the modes are decoupled and evolve independently. Thus, it is possible to write the vacuum state of the unstable quantum field as the following tensor product:
where |0 s and |0 u are defined byâ ̟lµ |0 s = 0, for all ̟, l and µ, andâ Ω |0 u = 0. Therefore, one can separate the Fock space in its stable and unstable sectors and study their time evolution separately -see, e.g., Ref. [10] . In what follows we will focus the discussion on the evolution of the state |0 u . For this end, let us define |η(t) ≡Û (t)|0 u , with the evolution operator
Thus, the fact thatâ Ω |0 u = 0 implieŝ
Then, by using the identitŷ
and the definitions given in Eqs. (16) and (17), one arrives atp
where the function α(t) is conveniently written as
Finally, by solving Eq. (20) in the representation of the eigenstates ofq Ω , i.e., solving for η(t, q) ≡ q|η(t) , one has
The wave function (23) is known in the literature as squeezed vacuum state. The evolution operator defined in Eq. (19) is the squeeze operatorŜ(s, β)
, with the squeezing parameter s = Ωt and the squeezing angle β = −π/4. For a detailed account on the properties of these states, see, e.g., Refs. [12, 13] .
An useful tool to analyze the classicalization of a quantum system is the Wigner function. Given a general state represented by the density matrix̺, the associated Wigner function is defined by [14] 
with ̺(t, q, q ′ ) ≡ q|̺(t)|q ′ . From Eq. (24), one sees that W is a real function, but not necessarily positive. Moreover, if̺ = |ψ ψ|, then
withψ(p) being the Fourier transform of ψ(q) ≡ q|ψ . In the case of an upside-down harmonic oscillator, W obeys
where { · , · } denotes the Poisson bracket and H(q, p) is the classical Hamiltonian
We remark that Eq. (25) 
which leads to
For localized states, Eq. (28) tends to exponentially stretch the Wigner function along the v direction and exponentially squeeze it along the u direction. This behavior just reflects the structure of the classical phase space of the upside-down harmonic oscillator. The orbits of the Hamiltonian (26) are hyperbolas with asymptotes at the lines u = 0 and v = 0, while u = v = 0 is a saddle point. Physically, this means that the particles are generally pushed away from the origin by the potential.
In our particular case, we have from Eq. (23) that the density matrix of the squeezed vacuum is
and, thus, the corresponding Wigner function gives
In the limit Ωt ≫ 1, one has from Eqs. (21) and (22) that a ≈ 2Ωe −2Ωt and b ≈ −Ω. Hence, the state |0 u evolves into a highly-squeezed state and Eq. (30) reduces to
where δ denotes the usual delta distribution. As time goes by, the Wigner function (30) becomes negligibly small away from the classical trajectory u = 0. This shows that when Ωt ≫ 1, the possible values for the amplitude (proportional to q) and momentum (proportional to p) of the unstable mode are correlated along a classical trajectory in the phase space. The expression for W given in Eq. (30) is positive, a fact that holds for any Wigner function associated with a Gaussian state. Moreover, from Eq. (24), W also satisfies +∞ −∞ dqdpW = 1. Thus, it can be seen as a probability distribution over the classical phase space of the system. This interpretation, combined with the appearance of classical correlations, is sometimes regarded as a kind of quantum-to-classical transition. In cosmology, for instance, it can account for some of the features of the cosmic microwave background inhomogeneities [15] [16] [17] , which can be traced back to the quantum fluctuations present in the inflationary epoch [18, 19] .
Notwithstanding, there are some reasons why one should regard this kind of quantum-to-classical transition as being incomplete. For instance, looking at Eq. (29) one sees that while W becomes peaked at a classical trajectory, the pure state̺ turns more delocalized in both q and p representations. Besides, W cannot be interpreted as a probability distribution in general. (As remarked above, the Wigner function can assume negative values, a fact directly related to interference.) Fortunately, these difficulties can be overcome if one takes into account decoherence effects. In inflationary cosmology, a more comprehensive understanding of the quantumto-classical transition including decoherence was tackled, e.g., in Refs. [20] [21] [22] [23] [24] [25] .
IV. DECOHERENCE AND THE EMERGENCE OF CLASSICAL INITIAL CONDITIONS
In order to complete the picture of the quantum-toclassical transition, we shall analyze the loss of quantum coherence by the scalar field during the unstable phase. As anticipated, we shall study the decoherence process induced by the interaction between the quantum scalar field and quantum fluctuations of the gravitational field. To do so, we will apply standard perturbative quantum field theory techniques to gravity from the perspective of an effective field theory [26] [27] [28] .
A. Environment
We start by considering the classical action
The Einstein-Hilbert action is given by
with κ ≡ √ 32πG and g ≡ det g ab , the scalar field action is defined through
and S M [Ψ, g ab ] stands for the classical-matter action. We perturb this system by taking g ab → g ab + κγ ab and Φ → Φ + φ, while keeping the classical matter unperturbed, and expand the total action (32) up to second order in both γ ab and φ. In what follows it will be assumed Φ = 0.
(Thus, φ is small in the sense that it can only induce small perturbations on the background metric.) The expansion of the Einstein-Hilbert action gives
where we have defined γ ≡ g ab γ ab . For the scalar field, one obtains
The tensor T ab appearing in Eq. (35) was defined in Eq. (2), while the expressions for the tensors U abcd , V abcde , and W abcdef are presented in Eqs. (A1) -(A3) of the Appendix, respectively [29] . Similarly, the expansion of the classical-matter action can be written as
where the specific form of the terms inside the square brackets depends on the Lagrangian assumed for the system. The background spacetime in which the perturbations are defined will be given by the Einstein equations
obtained from the zeroth-order action, where T M ab denotes the energy-momentum tensor of the classical matter. As for the perturbations, it is more convenient to write them in terms of the free scalar field, free graviton, and interaction actions S φ , S γ , and S int , respectively:
For the gravitational perturbations, one would need also to specify a gauge to fix the dynamics. However, the analysis which we will undertake in the next sections dispenses a particular gauge choice. All we have to assume is that there is a gauge in which the graviton field equation admits stationary oscillatory modes. This assumption holds, for instance, in the case of a background spacetime curved by a static spherically symmetric star -see, e.g., Ref. [30] . If the nonminimally coupled free scalar field is destabilized by the curvature of the background spacetimelike in the case of the compact object discussed in Sec. II -the perturbation φ can be split into its stable and unstable parts,
which are defined by
By using the orthogonality relations
the free scalar field action (38) can be cast as
For the interaction action, Eq. (40), we observe that the tensors T ab , U abcd , V abcde , and W abcdef depend quadratically on φ and its derivatives. Hence, by employing the decomposition (41), the energy-momentum tensor can be written as
We note that, in contrast to the tensor T (u)
ab , the expression given in Eq. (46) depends linearly on the amplitude of the field φ u and its derivatives. As for the other three tensors, one has
In these expressions, U abcdef are tensors obtained from Eqs. (A1) -(A3) when one replaces φ by φ s/u , while the form of u abcd , v abcde and w abcdef can be easily deduced from these equations and depend linearly on φ s and on φ u and its derivatives. We omit the expressions for these tensors, since they are long and will not contribute in the calculations that follow. This approach of splitting the quantum field into two sets of modes according to some scale was employed in Ref. [31] to study the decoherence of modes above a certain wavelength in a λφ 4 model and it is an useful strategy to tackle the issue of the emergence of a classical order parameter in phase transitions [32] [33] [34] .
In our setting, one does not expect quantum fluctuations of the metric and the stable modes of φ to have any relevant influence on the background spacetime during the unstable phase. They, however, are perceived by the unstable mode, becoming entangled with it due to the interaction (40) in the course of the time evolution.
B. Derivation of the master equation
Once one has defined the environment, it is possible to construct the master equation for the reduced density matrix. We start by assuming that at t = 0 the total density matrix of the system formed by the scalar perturbations and gravitons can be written aŝ
with̺ s (0),̺ u (0), and̺ γ (0) denoting the initial states of the stable modes, unstable mode, and gravitons, respectively. Thus, initially these subsystems are uncorrelated. In the field amplitude representation, the reduced density matrix for the unstable sector of the field at t > 0 is defined by tracing out the gravitons and stable degrees of freedom according to
(47) Above, we have denoted by |ϕ s , |ϕ u , and |ς ab the eigenstates of the field operatorsφ s ,φ u , andγ ab , respectively, at t = 0. The time evolution of the reduced density matrix can be written as
wherein ̺ u (0, ψ u , ψ u ′ ) ≡ ψ u |̺ u (0)|ψ u ′ and J red stands for the reduced propagator. Here, the reduced propagator is defined in terms of the following functional integral:
. (49) In Eq. (49), F stands for the Feynman-Vernon influence functional [35] and is given by
where we have defined
The assumption that initially the stable and unstable sectors of the quantum field are uncorrelated is necessary if one desires to employ the influence functional formalism. This absence of initial correlations would not be the case if the field, say, had evolved from the vacuum state defined by stationary observers in a previous stable phase. Nevertheless, initial correlations between the system and its environment are known to affect the dynamics set by the master equation only in its early stages -see, e.g., Refs. [36, 37] . This will not be an issue here since in what follows we will be concerned only with the system in its long-time regime.
Next, we assume that the density matrix̺ γ (0) corresponds to a thermal state at temperature T and that ̺ s (0) = |0 s 0 s | [38] . By using the closed time path integral formalism [39, 40] , we evaluateF up to quadratic order in κ and obtain the following formal expression:
where
In Eqs. (53) and (54), . . . β ≡ tr{̺ γ (0) . . . } is the thermal average and the tensors T ab , U abcd , V abcde , and W abcdef -given in Eqs. (2) and (A1) -(A3) -are calculated for φ, while T ′ ab , U ′ abcd , V ′ abcde , and W ′ abcdef are calculated for φ ′ . The functional I 2 is clearly divergent and must be absorbed into the bare parameters of the free scalar field action, Eq. (38). We shall not delve into the question of what corrections this procedure may introduce here, since it does not contribute to decoherence effects -for a discussion on the quantum corrections induced by a thermal bath of gravitons in flat spacetime, see, e.g., Ref. [27] . Thus, we are left with
Then, by substituting Eq. (55) into Eq. (50) and using Eq. (45), one obtains
with
In Eq. (57), T (s) ab 0 stands for the renormalized expectation value in the state |0 s of the energy-momentum tensor operator associated withφ s . As for the tensors T The terms in the influence functional (56) responsible for decoherence effects and damping are those given in Eqs. (58) and (59) . (Of course, these functionals depend on the specific interaction of the unstable mode with its environment.) While the former comes from the interaction of the unstable mode with gravitons through its energy-momentum tensor, the latter is a consequence of the interaction of the unstable mode with the whole environment via its amplitude and derivatives. Consequently, one expects that under the influence of the functional (58), the density matrix will tend to evolve into a mixture of states which bear some relation with the energymomentum tensor operator. The functional (59), on the other hand, will tend to diagonalize the density matrix in the basis of localized states in amplitude and momentum of the unstable mode. The set of states in which the density matrix becomes diagonal is known in the literature as "pointer states". Pointer states are those states less affected by the environment, i.e., they are the states less willing to evolve into an entangled state with the environment [6, 8] . The implications of the terms in Eq. (58) were recently investigated in Ref. [41] for the case of a flat spacetime background. There it was shown that in the nonrelativistic regime the density matrix tends to become diagonal in the energy basis -see also Ref. [42] . Here, however, we will be concerned with the decoherence effects introduced by terms in Eq. (59) in the full relativistic curved spacetime regime.
In order to obtain the master equation for the density matrix (47), we need to calculate the time derivative of the reduced propagator J red . The form of the propagator can be computed by applying the saddle point approximation to the functional integral in Eq. (49) . In this approximation, one has for J red that
with the total effective action
and the influence action S IF being implicitly defined through 
. At this point, it is clear that decoherence will be induced by terms in the propagator J red which are of order κ 2 . Consequently, one can approximate φ cl u and φ cl′ u by unstable solutions of the free scalar field equation with the appropriate conditions at the initial and final instants. Thus, the classical solutions will have the form
Now, inserting Eq. (61) into the action (38) , one obtains
with the second equality above coming from Eq. (62). As for the tensors appearing in Eqs. (57) - (59) 
and we recall that f was defined in Eq. (5) and n a = f −1/2 (∂ t ) a . In Eqs. (65) and (66), a a ≡ n c ∇ c n a is the acceleration of the observers following the orbits of the time-like Killing vector field, D a is the derivative operator associated with the spatial metric h ab , and (3) R ab denotes the Ricci tensor of the spatial section. Finally, by combining Eqs. (56) and (60) and then using Eqs. (63) and (64), one obtains an expression for J red .
For the calculation of the reduced propagator time derivative in the saddle point approximation, it is useful to define the operatorsP andQ asP
wherer (1) ab andr (2) ab are obtained from Eqs. (65) and (66) by replacing φ s by the field operatorφ s . Then, the time derivative of the reduced propagator can be written as
while . . . ≡ tr{̺ s (0) ⊗̺ γ (0) . . . } and J 0 denotes de free propagator for the unstable mode. The free propagator is defined by
and in terms of the initial and final amplitudes of the unstable mode it can be cast as
The last expression implies that J 0 satisfies the following relations:
Consequently, one can employ Eqs. (71) and (72) to obtain the master equation for ̺ red :
The temporal arguments of the factors inside the integrals above were rearranged using the fact that both̺ s (0) and ̺ γ (0) are stationary states. As for the Wigner function W red associated with the state̺ red , one obtains from the master equation above that it satisfies
In the master equation (73), we present only its free dynamics term and the members engendered by the interaction between the stable modes and the unstable one which are able to cause loss of quantum coherence, while the ellipsis encloses all the other terms. The terms written explicitly in the right-hand side of Eq. (73) tend to localize the state of the unstable mode both in amplitude and momentum representations. This resembles the problem of localization of particles [43] and the analysis of the quantum Brownian motion problem [44] [45] [46] . As for the terms originated by the direct interaction between the unstable mode and gravitons, they depend quadratically on the amplitude and momentum and, thus, are not expected to localize the state in these representations, or are responsible for damping effects. We note that, even though it was assumed that the background is curved by a compact spherical object, the analysis we carried on so far applies for more general static spacetimes.
C. Long-time regime
Our next task is to show that Eq. (73) does localize the state of the unstable mode in the amplitude and momentum representations. To do so, let us assume that initially the unstable mode is in the state |0 u . We emphasize that this choice only serves to simplify the calculations. Due to the feebleness of the gravitational interaction, the evolution dictated by the master equation (73) is dominated by the free field evolution. As discussed in Sec. III, the free dynamics acts as a squeeze operator. Thus, in the long-time regime (Ωt ≫ 1) the initial state becomes highly squeezed. In this case Eq. (20) leads to
Then, by substituting Eqs. (75) and (76) into Eq. (73), the master equation reduces to
with the diffusion coefficient D > 0 given by
As for W red , one has the following equation:
The second term in Eq. (77) ensures the localization of ̺ red in both amplitude and momentum representations, due to the relation between q and p set by Eqs. (75) and (76). One can estimate the magnitude of the diffusion coefficient in the following manner. As mentioned earlier, we assume the existence of a gauge in which the graviton field admits the following decomposition:
Here, α denotes all the pertinent quantum numbers, j labels the graviton polarizations,b
α denotes the graviton annihilation operator, ε (j) αab is the spatial part of the mode, and ω α > 0. As for the field operatorφ s , one haŝ
with v
̟lµ given in Eq. (6) . Thus, by substituting Eqs. (81) and (82) into the expressions for the operatorŝ P andQ, Eqs. (67) and (68), with the aid of Eqs. (65) and (66), Eq. (79) can be cast as
In Eq.
where s lµ can be neglected for α and ̟ such that ω α , ̟ ≫ Ω. Thus, the main contribution for the integrals in Eq. (83) comes from gravitons and stable modes with frequency up to order Ω. Consequently, one can define the high-temperature regime here as k B T ≫ Ω. In the spacetime of a neutron star, this regime is achieved at temperatures T ∼ 1 K, in which case the diffusion coefficient given in Eq. (78) reduces to
Then, by factorizing all the dimensional terms above, D can be simply written as
In Eq. (87), ∆ is a dimensionless quantity whose precise value will not be relevant to estimate the decoherence time scale, although it is expected to be of order unity.
D. Estimation of the decoherence time scale and the width of the pointer states
Here, we are interested only in the decoherence effects produced by the localization term in Eq. (77), the master equation describing the unstable mode in its long-time regime. As already mentioned -see discussion below Eq. (74) -, the other terms appearing in that master equation are essentially of two types: either they also produce decoherence but are not able to localize the state in the amplitude and momentum representations or they are responsible for damping effects. While the former only reinforce the consequences of the localization term in Eq. (77), the latter are not important when the coupling with the environment is weak. Therefore, in order to estimate the decoherence rate in the long-time regime, one can drop these terms and consider the following equations:
with H(q, p) given in Eq. (26) . A possible route to estimate the decoherence time scale is to investigate the temporal behavior of the Wigner function sign. As mentioned earlier, the Wigner function is not positive in general. Nevertheless, decoherence should suppress any negative region in the course of time. Indeed, it was shown in Ref. [47] that for a nonrelativistic free quantum particle, the presence of a localization term in position in the master equation makes the corresponding Wigner function positive after a certain time t d , regardless the initial state of the system. This result was extended in Ref. [48] for systems defined by quadratic Hamiltonians and with more general couplings with the environment.
Following Refs. [47, 48] , the time t d after which the Wigner function W red becomes positive is the solution of the equation
where, in the case of our Eq. (89),
The feebleness of the gravitational interaction implies in our case that D ≪ Ω 2 and, thus, from Eqs. (90) and (91) one obtains
Then, by using Eq. (87), one concludes that
which gives us an estimate for the decoherence time scale. The logarithm in Eq. (92) shows that the decoherence process depends weakly on the magnitude of the interaction with the environment, codified in the diffusion coefficient -see Eq. (87). This logarithmic dependence results from the combination of the squeezing caused by the time evolution and the weak coupling between the unstable mode and its environment. In particular, t d does not depend much on the value of ∆. For the case of a neutron star (R ∼ 10 km), if one assumes ∆ ∼ 1 and a cosmic gravitational wave background with temperature T ∼ 1 K, then t d ∼ 160 × Ω −1 ∼ 160 × R, which is of the order of the backreaction time scale t br ∼ 10 −3 swhen the vacuum and ordinary star energy densities rival each other. We note that Ωt d ≫ 1, complying with the long-time approximation.
The investigation we have undertaken so far suggests that by the time backreaction becomes important, both the appearance of classical correlations and decoherence have been effective to turn the unstable sector of the initial vacuum state into a classically correlated statistical mixture of localized states in the amplitude and momentum representations. The form of these pointer states depends on both the internal dynamics of the open quantum system and its interaction with the environment and it has been derived just in a few examples [49, 50] . However, within the simplifications made in this section, it is possible to estimate the width of these pointer states. To do so, we shall again make use of the variables u and v defined in Eq. (27) to cast Eq. (89) as
By assuming the weak-coupling limit, the state is squeezed along the u direction and stretched along the v direction, as concluded in Sec. III for free fields. Consequently, in the long-time regime, the u and v derivatives grow and fade exponentially, respectively, and Eq. (93) can be cast as
with σ 2 ≡ D/4Ω. Following the analysis of Ref. [51] , a general solution of Eq. (94) can be expanded as
where H n (x) denotes the n-th Hermite polynomial. In the long-time regime, the sum above is dominated by the term with m = 0 and n = 1 and is given approximately by
Hence, when Ωt ≫ 1 the effect of decoherence on the Wigner function in the weak-coupling limit is to make W red to approach a Gaussian in the u direction with width σ. This results from the competition between the free evolution, which tends to squeeze the state in the u direction, and the diffusive term in Eq. (94). Then, the width of the density matrix in the q-representation can be obtained from Eq. (95) if we note that
Thus, asymptotically, the initially pure density matrix becomes a statistical mixture of localized states with width (2σ) −1 = Ω/D. By using Eq. (87) with ∆ ∼ 1, we obtain
in the case of our model. In the classical regime, one would like to regard each pointer state peaked at some amplitude and conjugate momentum as a point in the phase space. This is possible only if the background spacetime is insensitive to quantum fluctuations present in these states, i.e., if the pointer states are narrow enough. We can estimate how narrow these states are through the energy-momentum tensor operator associated to the unstable mode. Thus, let us consider the contribution from the quantum fluctuations to the expectation value of this operator in some pointer state. Taking, for instance, the energy density, the contribution from a localized state with width σ is ρ qf ∼ σ −2 Ω 2 /R 3 . Then, the ratio between this contribution and the energy density ρ of the relativistic star curving the background is
Assuming T ∼ 1 K and R ∼ 10 4 m -the typical radius of a neutron star -, the ratio above is of order 10 −7 . This last result shows that the pointer states of the unstable mode are narrow enough in the long-time regime to be approximated by classical states.
In conclusion, by the time backreaction becomes ineluctable, the (unstable sector of the) initially pure vacuum state has evolved into a statistical mixture of localized states in amplitude and momentum representations. The exact form of these states and of the statistical weights can be calculated, in principle, from Eq. (73). Since the pointer states are narrow enough, one can regard these weights as a statistical distribution over the unstable mode classical phase space, providing the initial conditions for the classical general-relativistic equations at the onset of the backreaction.
We remark that the calculations assuming a graviton environment with temperature T = 0 lead to the same master equation as in the case with T = 0, namely, Eq. (73). For a graviton environment in its vacuum state, we have found that the decoherence time scale is of the same order as in Eq. (92) assuming T ∼ 1 K. As for the width of the pointer states, however, we have obtained ρ qf /ρ ∼ 1. Hence, even though decoherence diagonalizes the density matrix when T = 0, it is not sufficiently effective to produce pointer states which are narrow enough to be well approximated by points in the unstable-mode classical phase space.
V. CONCLUSIONS AND FINAL REMARKS
In conclusion, after the scalar field instability is triggered by the background spacetime, the interaction of the field with gravity forces its quantum fluctuations to behave classically in a time scale of the same order of the one set by backreaction. During this time, the appearance of classical correlations and decoherence are effective enough to turn the vacuum state of the quantum field into a classically correlated statistical mixture of localized states in the amplitude and momentum representations of the unstable mode.
Then, we have argued how the gravity-induced vacuum dominance effect [1, 2] gives rise to classical initial conditions for the general-relativistic equations. This leads us to Ref. [53] , where it was discussed the possible final states for the instability in the spacetime of a relativistic star based on a classical analysis. There, it was shown that, at least for negative values of the nonminimally coupling parameter ξ, the system can be stabilized by the presence of a nonnull, static scalar field profile. As for positive values of this parameter, the final state remains an open issue. The appearance of a nontrivial classical field in the spacetime of dense enough relativistic stars is analogous to the spontaneous magnetization of ferromagnets below the Curie temperature and it is known in the literature as "spontaneous scalarization" [54, 55] . Typically, this phenomenon changes the gravitational mass of the star by a few percent and may have important consequences to astrophysics [56] . Although the previous scalarization analyses do not consider quantum mechanics to fix the initial conditions, the fact that their results seem to be robust with respect to the initial conditions choice suggests that their conclusions should be preserved even when the instability is triggered by quantum fluctuations. For more on the relation between the instability and the scalarization process, see, e.g., Refs. [57] [58] [59] [60] .
The interest in scalar fields nonminimally coupled to gravity relies on the fact that most matter in the Universe cannot be accommodated within the standard model of particle physics. Nonminimally coupled scalar fields have not been ruled out by neither astrophysical nor cosmological observations so far, even though it is possible to put constraints on the values of the nonminimally coupling parameter -see, e.g., Ref. [61] .
